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Summary  Some  of  the  real  world  applications  require  the  solution  to  graph  coloring  problem,
an NP-hard  combinatorial  optimization  problem.  (G),  the  chromatic  number  of  a  graph  G,
the minimum  number  of  colors  required  to  color  the  vertex  set  V(G)  with  adjacent  vertices
assigned with  different  color  can  also  be  obtained  using  evolutionary  methods.  This  paper
exhibits two  new  approximation  methods  of  solving  graph  coloring  based  on  ½(G),  the  median
of the  degrees  V(G).  In  the  ﬁrst  method,  a  heuristic  procedure  is  designed  to  color  V(G)  which
works in  two  stages.  In  the  ﬁrst  stage,  to  minimize  the  conﬂicting  edges,  the  vertices  of  V(G)
whose  degrees  are  ≥½(G)  are  colored.  Then  the  remaining  vertices  are  colored  through  a
heuristic procedure.  The  second  method  is  implemented  using  divide  &  conquer  strategy.  These
new approximation  algorithms  are  exhibited  on  some  of  the  small,  intermediate  and  large
benchmark  graphs  and  the  results  are  compared.  The  proposed  algorithms  signiﬁcantly  reduce
the computational  complexity  in  obtaining  the  near  optimal  solution  and  also  the  results  are
found to  be  better  than  the  existing  approaches.
© 2016  Published  by  Elsevier  GmbH.  This  is  an  open  access  article  under  the  CC  BY-NC-ND  license
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ntroduction
he  vertex  set  V(G)  and  edge  set  E(G)  of  a  simple  graph  G
ith  n  vertices  are  V(G):  {v1,  v2, .  .  ., vn}  and  E(G):{e1,  e2,
 . ., em}  respectively  such  that  each  ek   E(G)  is  uniquely
apped  to  disordered  end  vertices  pair  (vj,  vi).  The  adja-
ency  matrix  of  G  is  A(G),  an  n  ×  n  symmetric  binary  matrix,
icle under the CC BY-NC-ND license (http://creativecommons.org/
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Table  1  Computation  of  near  optimal  solution  on  small  graphs  (n  <  100).
Graph no Graph (G) Minimum color obtained in
Graph type Instances (G) Existing method Method 1 Method 2
1 queen5 5.col n = 25; m = 320 5 5 5 5
2 queen6 6.col n = 36; m = 580 7 7 7 7
3 queen7 7.col n  = 49; m = 952 7 7 7 7
4 queen8 8.col n = 64; m = 1456 9 9 9 9
5 myciel5.col n = 47; m = 236 6 6 6 6
6 myciel6.col n = 95; m = 755 7 7 7 7
7 myciel4.col n = 23; m = 71 5 5 5 5
8 myciel3.col n = 11; m = 20 4 4 4 4
9 huck.col n = 74; m = 301 11 11 11 11
10 jean.col n = 80; m = 254 10 10 10 10
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 (G)  =  Median{d(V )|V ∈  V(G),  1  ≤  i  ≤  n}11 david.col n = 87; m = 406 
12 queen8 12.col n = 96; m = 2736 
13 queen9 9.col n  = 81; m = 2112
where  Aji = 1  if  vj and  vi are  adjacent  such  that  (vj,  vi)    E(G);
Aji =  0  when  (vj,  vi)  is  not  in  E(G).  (G),  minimum  number  of
colors  used  to  color  V(G)  with  adjacent  vertices  are  colored
with  different  color,  is  called  a  graph  coloring  problem
(GCP)  (Méndez-Diaz  and  Zabala,  2006).  Different  methods
were  proposed  to  solve  GCP  (Hertz  and  Werra,  1987;
Galinier  and  Hao,  1999;  Marappan  and  Sethumadhavan,
2013;  Sethumadhavan  and  Marappan,  2013;  Marappan  and
Sethumadhavan,  2015a,b,c).  This  paper  exhibits  two  new
approximation  methods  to  ﬁnd  (G).  These  approximation
schemes  are  devised  by  combining  the  greedy  and  divide
&  conquer  algorithmic  design  approaches.  Greedy  design
strategy  is  applied  to  minimize  the  number  of  conﬂicting
vertices.  The  ﬁrst  method  (method  1)  initially  computes
the  median  degree,  ½(G)  and  colors  all  the  vertices  with
degree  ≥½(G)  and  then  colors  the  remaining  vertices.
The  divide  &  conquer  design  strategy  is  applied  to  split
V(G)  into  two  smaller  subsets  viz.  left  and  right.  Initially
the  coloring  procedure  is  called  to  the  left  subset  while
assigning  colors  to  right  the  adjacency  between  the  vertices
present  in  the  left  to  right  is  considered  to  avoid  the
conﬂicts  (method  2).  To  minimize  the  number  of  conﬂicting
edges  and  to  minimize  the  computational  time  the  subset
2
Fig.  1  (a)  Flowchart  for  method  1  (b)  Flowchart  for  method  211 11 11
12 15 12
10 11 10
hich  has  more  number  of  conﬂicting  edges  with  the  other
ubset  is  solved  ﬁrst  independently.  The  conﬂicting  edges
f  the  other  subset  are  solved  concurrently  based  on  the
olor  assignment  of  other  subset.  Section  2 focuses  on  the
ew  approximation  methods;  Experimental  outcomes  and
valuations  with  well  known  methods  are  presented  in
ection  3  and  the  conclusions  are  drawn  in  Section  4.
ew approximation methods
otions,  variables,  data  structures  and  procedures
he  following  notions,  variables,  data  structures  and  proce-
ures  are  used  in  the  proposed  methods:
.  Median  degree  ½(G):  The  degree  d(vi)  of  vi is  the  num-
ber  of  ej’s  incident  onto  vi.1⁄2 i i
.  mincolor:  A  variable  to  store  a  possible  minimum  integer
value.
.  (C)  Two  level  divide  &  Conquer  on  Method  1  (Method  2).
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Table  2  Computation  of  near  optimal  solution  on  intermediate  graphs  (100  ≤  n  <  500).
Graph no Graph (G) Minimum color obtained in
Graph type Instances (G) Existing method Method 1 Method 2
14 myciel7.col n = 191; m = 2360 8 8 8 8
15 games120.col n = 120; m = 638 9 9 9 9
16 miles250.col n = 128; m = 387 8 8 8 8
17 anna.col n = 138; m = 493 11 11 11 11
18 queen10 10.col n = 100; m = 2940 11 11 14 11
19 queen12 12.col n = 144; m = 5192 12 12 18 13
20 queen14 14.col n = 196; m = 8372 14 14 20 16
21 queen15 15.col n = 225; m = 10360 15 15 20 16
22 queen16 16.col n = 256; m = 12640 16 16 22 17
23 queen11 11.col n = 121; m = 3960 11 11 18 11
24 queen13 13.col n = 169; m = 6656 13 13 19 14
25 miles500.col n = 128; m = 1170 20 20 22 20
26 miles750.col n = 128; m = 4226 31 31 32 31
27 miles1000.col n = 128; m = 6432 42 42 48 43
28 miles1500.col n = 128; m = 10396 73 73 78 76
29 zeroin.i.1.col n = 211; m = 4100 49 49 51 49
30 zeroin.i.2.col n = 211; m = 3541 30 30 30 30
31 zeroin.i.3.col n = 206; m = 3540 30 30 30 30
32 mulsol.i.1.col n = 197; m = 3925 49 49 50 49
33 mulsol.i.2.col n = 188; m = 3885 31 31 32 31
34 mulsol.i.3.col n = 184; m = 3916 31 31 33 31
35 mulsol.i.4.col n = 185; m = 3946 31 31 32 31
36 mulsol.i.5.col n = 186; m = 3973 31 31 32 31
37 le450 5a.col n = 450; m = 5714 5 11 12 9
38 le450 5b.col n = 450; m = 5734 5 11 12 9
39 le450 5c.col n = 450; m = 9803 5 5 13 10
40 le450 5d.col n = 450; m = 9757 5 5 13 11
41 le450 15b.col n = 450; m = 8169 15 15 24 20
42 le450 15c.col n = 450; m = 16680 15 15 25 22
43 le450 15d.col n = 450; m = 16750 15 15 25 21
44 le450 25a.col n  = 450; m = 8260 25 25 38 30
45 le450 25b.col n = 450; m = 8263 25 25 38 29
46 le450 25c.col n = 450; m = 17343 25 34 40 32
47 le450 25d.col n = 450; m = 17425 25 34 40 31
48 school1.col n = 385; m = 19095 14 14 31 25
49 school1 nsh.col n = 352; m = 14612 14 14 30 23
50 fpsol2.i.1.col n = 496; m = 11654 65 65 70 65
51 fpsol2.i.2.col n = 451; m = 8691 30 30 35 30
52 fpsol2.i.3.col n = 425; m = 8688 30 30 34 31
Table  3  Computation  of  near  optimal  solution  on  large  graphs  (n  ≥  500).
Graph no Graph (G) Minimum color obtained in
Graph type Instances (G) Existing method Method 1 Method 2
53 homer.col n = 561; m = 1629 13 13 13 13
54 inithx.i.1.col n = 864; m = 18707 54 54 54 54
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c55 inithx.i.2.col n = 645; m = 13979 
56 inithx.i.3.col n = 621; m = 13969 
.  color[]:  color[i] will  hold  the  color  value  of  the  ith  vertex.
.  SetGreedyColor(i):  A  procedure  which  sets  a  color  to  ver-
tex  i.
.  Conﬂicting  vertices:  Two  adjacent  vertices  i  and  j are
said  to  be  conﬂicting  iff  color[i] =  color[j].
.  Conﬂict  function  f(G):  This  function  assigns  the  total
number  of  conﬂicting  vertices  in  V(G).
.  Split  (S):  Set  S  =  {1,  2,  3,  .  .  ., n}  is  split  into  two  subsets
Sl and  Sr as  follows:
{
n
} {
n n
}l = 1,  2,  3,  .  .  ., 2 &  Sr = 2 + 1, 2 + 2,  .  .  ., n
with
∣∣Sl
∣∣ = n
2
&
∣∣Sr
∣∣ = n
2
when  n  is  odd.
o
a
a31 31 31
31 31 31
l =
{
1,  2,  3,  . . ., n/2
}
&  Sr =
{
n
2
+ 1, n
2
+ 2,  .  . ., n
}
with
∣∣Sl
∣∣ = ∣∣Sr
∣∣ = n
2
when  n  is  even.
reedy  and  heuristics  (Method  1)
his  iterative  method  is  evolved  from  the  greedy  design
trategy  with  heuristics;  by  initializing  mincolor  as  3  and
olor[i]  =  0  for  1  ≤  i ≤  n.Case  1:  SetGreedyColor(i),  a  heuristic  procedure  is  called
n  all  the  vertices  whose  degree  ≥½ (G),  a  greedy
pproach  as  follows:i.  Choose  a  vertex  i  such  that  color[i]  =  0
nd  degree  (i)  ≥  ½ (G).ii.  For  j  =  1  to  mincolor  do
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and mutation with conﬂict gene removal procedure. In:
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ligence and Computing Research, 26—28 December, India,New  approximation  algorithms  for  solving  graph  coloring  pro
Boolean  t =  false;
For  k  =  1  to  n  do
If  (Aik =  1)  then
If  (color[k]  =  =  j)  then
t  =  false;  break;
Else  t  =  true;
If  (t  =  true)  then  color[i] =  j;  break;ii.
Repeat  Steps  i  and  ii  for  other  vertices  whose  degree  ≥½
(G).
Case  2:  For  all  the  vertices  whose  degree  <½ (G),
call  SetGreedyColor  (i).  Compute  f(G).  If  f(G)  /=  0  set
mincolor  =  mincolor  +  1;  repeat  case  1  and  case  2  until
f(G)  =  0.  This  greedy  procedure  assigns  color[i] in  [1,min-
color]  ∀  1  ≤  i  ≤  n.  The  ﬂowchart  is  shown  in  Fig.  1(a).
This  iterative  method  is  evolved  by  applying  the  divide  &
conquer  strategy  in  method  1;  by  initializing  mincolor  as  3
and  color[i] =  0  for  1  ≤  i ≤  n.  This  procedure  is  as  follows:
i.  Call  Split(V(G))  which  partitions  V(G)  into  two  subsets
Vl(G),  Vr(G).
ii.  Call  Split(Vl(G))  and  Split(Vr(G))  when  n  >  100  that  par-
titions  Vl(G)  and  Vr(G)  into  pairs  of  two  subsets  Vll(G)  &
Vlr(G)  and  Vrl(G)  &  Vrr(G),  respectively.
ii.  Compute  the  number  of  conﬂicting  edges  from  Vl(G)  to
Vr(G)  and  from  Vr(G)  to  Vl(G).
iv. Solve  (Vl(G),  Vr(G))  and  (Vlr(G),  Vrr(G))  in  concurrence
with  one  another  using  case  1  and  case  2  of  method  1  by
solving  the  subset  with  more  conﬂicting  edges  ﬁrst.
Now  compute  f(G).  If  f(G)  /=  0  or  color[i] >  mincolor
(1  ≤  i  ≤  n)  set  mincolor  =  mincolor  +  1;  repeat  steps  iii  and
iv  until  f(G)  = 0.  The  ﬂowchart  for  method  2  is  shown  in
Fig.  1(b).
Experimental results and comparisons
The  experiments  are  conducted  on  benchmark  graphs  using
Intel  Xeon  Workstation  with  256  GB  DDR3  in  Windows  8
Professional  OS  under  JDK  1.8.0  environment.  The  devised
methods  are  compared  with  some  of  the  existing  methods
(Méndez-Diaz  and  Zabala,  2006;  Hertz  and  Werra,  1987;
Galinier  and  Hao,  1999)  and  the  minimum  color  obtained
is  tabulated  in  Tables  1—3  respectively;  and  the  following
inferences  are  obtained.
1.  The  approximation  methods  ﬁnd  solution  for  most  of  the
benchmark  graphs  in  reduced  computational  complexi-
ties.
2.  Method  2  signiﬁcantly  reduces  the  complexity  and
obtained  the  near  optimal  solution  for  most  graphs  com-
pared  to  method  1. 387
onclusion
ew  approximation  methods  to  ﬁnd  (G)  using  greedy  and
ivide  &  conquer  strategies  are  presented  in  this  paper.
he  methods  are  based  on  the  median  degree  ½(G).  The
evised  methods  are  evaluated  using  benchmark  graphs  and
ear  optimal  solution  are  obtained;  and  optimal  solution
s  obtained  for  most  of  the  graphs.  The  divide  &  conquer
trategy  is  performed  well  for  most  graphs  compared  to
ethod  1.
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